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LONG-TERM GOALS

My long-term goal is the development of a self-consistent analytical, dynamical and statistical theory of weak
and strong nonlinear interactions in ocean gravity waves. The theory will be supported by extensive
numerical simulations as well as by laboratory experiments and field observations. The theory will be used
as a base for the development of approximate models of Snl, which can be used in a new generation of
operational models for wave forecasting. Another goal is the development of the theory of wave breaking,
which will make possible to find a well-justified estimate for the rate of energy dissipation due to this process.

OBJECTIVES

The level of nonlinearity in an ensemble of wind-driven ocean waves is relatively small. It makes possible to
apply for its statistical description the theory of weak turbulence. In the simplest case, it is the theory of
kinetic (Hasselmann’s) equation for spectra of a normalized wave action. The kinetic equation has a
remarkable family of exact stationary Kolmogorov-type solutions. They are governed by two parameters:
fluxes of energy and momentum to the region of high wave numbers, and can be applied for description of
energy spectra in the “universal” range behind the spectral peak. All Kolmogorov spectra after averaging in
angle have asymptotics E(w) = ™.

The exact kinetic equation is too complicated to be used in the operational models of wave prediction. Thus
development of its approximate models is an actual problem.

The wave-breaking, which in most cases participate in the wave dynamics, is a strongly nonlinear effect,
making an important contribution to energy dissipation. So far, there is no reliable theory for this
phenomenon.

APPROACH

| combine in my work modern analytical methods of mathematical physics with massive numerical simulation
and construction of simple phenomenological models. All results are compared with laboratory experiments
and field observations.

RESULTS
The last year was extremely productive. Our main achievements are the following:
1. Numerical simulation of the Hasselmann equation.

In 2001 we (in collaboration with A.Pushkarev) improved and enhanced the Resio-Tracy code for the
numerical solution of the Hasselmann’s equation. A new version of the code makes it possible to use a
rather fine mesh (75x36 points) in the frequency-angle plane. The numerical algorithm is stable and fast
enough. It allows to follow the evolution of the spectrum of wind-driven waves during as long a period as a
dozen hours. Being installed in the update PS, the code performs calculation in one spatial point several
times faster than it comes in the real ocean. At the moment we are actively developing a space-time version
of the code, which allow the simulation of establishing of spectra in conditions of the limited fetch.

We do not plan to use the new version of the code in operational models. The code will be used soon for
checking the calibration of the perspective approximate models of the Snl. In the nearest future we plan to
calibrate by the use of the new codes our upgraded second-generation diffusion mode!. The new code is



used also for verifying the basic concepts of the weak-turbulent (WT) theory. We claim to have achieved a
new analytical description of basic phenomena, taking place in the system of interacting waves. The first and

foremost prediction of the WT theory is the Kolmogorov spectrum ™ in the universal range. The equivalent
spatial spectrum is I, ~ K~'2.

Our numerical experiments already strongly support these results.
The results of numerical simulation of the Hasselmann equation are presented in the article [1] to be
published in the “Physical Review E”.

2. Numerical and analytical study of wave-breaking phenomena and rogue waves.

We elaborated (in collaboration with A.Dyachenko and O.Vasyliev) a new version of the exact Euler equation
(Dyachenko’s equations) for 2-dim potential flow of a fluid with free surface. A new version based on
combination of Hamiltonian formalism and conformal mapping, makes possible an efficient use of the Fourier
code.

We started systematic numerical experiments. Even the first results are very impressive. We see, for
instance, the formation of freak waves as a result of nonlinear development of the modulational instability of
an almost monochromatic Stokes wave. The new method for fast numerical solution of the exact
hydrodynamics equations works, in principal, at any level of nonlinearity.

By the use of this method we hope to find soon a well justified expression for dissipation coefficient due to
wave breaking.

The results are presented for publication to the “European Journal of Mechanics” [2].

3. Numerical study of one-dimensional weak turbulence.

One of the most important questions in the problem of wave modeling is the applicability of the weak-
turbulent Hasselmann equation to the description of real ocean waves. Some authors are sceptical about
such a possibility.

It is possible to perform a direct numerical verification of the weak-turbulent approach by comparing it with
the direct numerical solution of the Hydrodynamic equation. In full 3-d geometry this program is, so far,
unrealistic. However, such comparison is possible in a “toy” one-dimensional model of wave turbulence. This
modeling was first performed in 1997 in the Courant Institute by Maida, McLaughlin and Tabak. They offered
the so-called MMT model of wave turbulence and performed its massive numerical simulation. Their results
are dubious, besides the WT Kolmogorov spectra they observed the spectra of new type (MMT spectra).

We elaborated another code for solution of the MMT mode! and fulfilled the vast numerical and analytical
study of this system. We found that the deviation from the weak-turbulent results can be explained by
influence of the coherent structure (quasisolitons and collapses), which is inavoidable in the MMT model.
We offered a modification of the MMT model, which demonstrate “restoring” of the weak-turbulent scenarion.
The results are published [3, 4].

Utt i Uxx = (Uz)xx i Uxxxx
4. Analytic study of the Boussinesq equation.

The fourth-order Boussinesq equation, describing one-dimensional weakly nonlinear waves, is an integrable
system. This fact was established by Zakharov in 1974, but was not exploited since this time. In the last year
we (in collaboration with L.Bogdanov) undertook a systematic analytical study of the Boussinesq equation. In
an extended article (50 pages) we develop the Inverse Scattering technique for the Boussinesq equation,
which makes possible to study interaction of solitons, including their merging and collapse.

The article is presented for publication to the “Physica D” [5].

TRANSITIONS

The results can be applied to calculation of the drag coefficient over sea surface and to the problem of
remote sensing.

RELATED PROJECTS

US ARMY grant DACA 39-99-C-0018.
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Figure. Wave energy as the function of frequency and angle. (from the
Atticle of Pushkarev, Resio, Zakharov)



